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THE THEORY OF PIEZOELECTRIC SHELLS®

Le Khan' Chau

A variational formulation of the problem of the equilibrium of completely
anisotropic piezoelectric shells is formulated. Using a variational
asymptotic method, a system of two-dimensional statics equations is
derived for piezoelectric shells, The asymptotic accuracy of the two-
dimensional theory constructed is proved.

1. Variational principles of the theory of piezoelectricity. 1In a three-
dimensional space Rgwe consider a linear dielectric body occupying the domain V in the initial
state. We introduce in V Lagrange coordinates of the peints §* which are related to the
Cartesian coordinates z' by the equations 2! = z' (§?). Let the body boundary &V be the union
of two-dimensional surfaces SgW,..., S¢!¥) (electrodes) and the rest of the boundary §;. For
simplicity we will consider the case of purely electrical loading on the body, which corresponds
to giving the value of the electric potential on the electrodes. Then the fundamental
variational principle of the electrostatics of dielectrics states /1l/: among all possible
displacement fields w; and all possible electric induction fields D® that satisfy the conditions

VD*=0 in V, D=0 on & (1.1)

the true functions w;, D* at.the equilibrium position yield a minimum of the body energy
functional

N
1={U(er D)o+ X o § Dov*do (1.2)
A4 =] sgl)

The v, in (1.1), (1.2) axe components of the external normal vector to @V, dv is an element
of volume, do is an element of area, ¢, = const is the value of the potential on the n-th

electrode Sg‘), and ey = % 'wi,p are strain tensor components (xs = 82%/0%%). Here an henceforth
the superscripts a, b, ¢, d,... correspond to projections on the axes of the accompanying coordinate
system E° while the superscripts i,j, & 1,... are projections on the axes of the Cartesian
coordinate system 2). The comma in the subscripts denotes partial differentiation, the symbol
V, represents covariant differentiation in the metric g,, and the parentheses in the subscripts
denote the symmetrization operation. The subscripts and superscripts are juggled by using
the metric g, while summation is over repeated upper and lower indices.

A piezoelectric is a dielectric body for which the function U (eg,Dg) 1is a strictly
positive quadratic form in g, and D,

ai 1 pal
U (8at» Do) = - ¢ *2artoa — h*,Dq + 5~ B3 DaDs (1.3)

By varying the functional (1.2) under the constraints (1.l) for this case, we obtain the
equations and boundary conditions

VP—=0, Eg=—V,9 Ve0?=0, &4=2{aWib) (1.4)
oub — % = c“pme,d — h“wDe' Ea = ‘—g%_. = habce“ + ﬁngb

Dvg=0V on 8, @¢=@, on s, n=1,...,N (1.5)
a“bv,, = on av

Here E,is the electric field, ¢ is the electric potential (essentially the Lagrange
multiplier for the constraint (1.1)), and o® are stress tensor components.

Applying the reciprocity technique /2/, the principles (1.1) and (1.2) can be reformulated
into the following minimax principle: the true functions #;, § at the equilibrium position
yield a maximum in ¢ and a minimum in w; for the functional

1=\ H (e Eg)dv (1.6)
v

under the constraints
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P=¢, ON SPn=1,.. ., N 1.7)
where E, = —V,p. The function H (e, E,), called the electric enthalpy density /3/, is the
Legendre transformation of the function U (g, Ds)} in the variable D,taken with opposite sign.
If U is given by (1.3), then

H = 8%yt — 60y B, — 5 X E,E, (1.8)

(elP =( ﬂg")'l, ete — aB0pgte, (3ol — Bt e}“"h‘“’)

According to the definition of H (eas» E;) we have the relationship

oﬂb:_i’i =c‘i-ue°.‘—e°¢Eﬂ D"=—-gg—=e“b°sbc + eﬁbEb (1.9)
[

which together with the statics Egs.(1.4) and the boundary conditions (1.5) form a correctly
formulated boundary value problem.

We shall later consider the minimax principle (1.6), (lL.7) most convenient for the
application of a variational asymptotic analysis in the equilibrium problem for piezoelectric
shells. See /4, 5/ for other variational principles in the theory of piezoelectricity.

2. Three-dimensional problems of the theory of piezoelectric shells. Let

us consider a domain V of the special form
(& ) =r ) + ' &) 24)

in R, ,where z' = r! (}%) is the equation of a smooth surface R bounded by the contour I, and
n' are components of the unit vector normal to Q. The coordinates &%, B* vary in a cylinder
of height A: (> = Q, | £ |  #/2; the domain of variation of % exactly like the middle surface,
is denoted by ; the small Greek superscripts run through the values 1, 2 and correspond to
projections on the §* axis while the superscript 3 is usually omitted (§¥=%). A piezoelectric
body occupying the domain V in the initial state is called a piezoelectric shell with middle
surface  and thickness h.

Let Q; denote the facial surfaces of the shell given by (2.1) for § = 4h/2. We will
examine the two methods of electrical loading of a shell encountered most often /3/.

A. There are no electrodes on the facial surfaces. There are electrodes on the shell

edge, i.e., the contour I' is a union of curves [g®, ..., T¢g¥ (where there are electrodes)
and the rest Iy For B* = I'Y x [—h/2: h/2] values are given for the electric potential
‘P=‘Pmn=1,2,...,N (2'2)

B. The facial surfaces Q; are covered with electrodes. Values of the electric potential
are given on them

¢ =-4@/2 for E=4k/2 2.3)
According to the variational principle (1.6), (1.7), the true displacements w; and the
electric potential P correspond to extremals of the functional

L7

1=\ H(ey B)ndtdo (2.4)
a —h/2

under the constraints (2.2) (in problem A), and the constraints (2.3) (in problem B).
The H (e, E,) in the functional (2.4) is the electric enthalpy density given by (1.8)

x =120t 4 K, do = VEdE‘dE’, a = det|aggll, where ay is the first quadratic form (metric)
of Q, H and K are themean and Gaussian curvatures of Q. The following geometric and kine-
matic relationships /2/ are true in the coordinate system (2.1):

Eas=d¢g—26ap§+cag§’, Bas=0, gas=1 (2.5)
1

g8 = -z [(1 — 2HE) 0% + 25(1 — 2HE) bo8 - Ecab],

g2 =0, g—=1
: .

€ap = Z(aili, p) = Fiai, py — Wlari'wi, p,  &ss =n'wy, g

2eas == zo'wy § + n'wi, o =ratws, ¢ — BbePrn, s + Ny

where by, ¢y are the second and third quadratic forms of Q.

The problem is to replace the three-dimensional functional (2.4) by an approximate two-
dimensional functional in which there are functions dependent only on the longitudinal
coordinates E!, EZ,

The possibility of changing from the three- to the two-dimensional problem is related
to the smallness of the ratio between the thickness h and the characteristic radius of curvature

R of the shell middle surface /2/, and to the characteristic scale and strain and electrical
field variation over the longitudinal coordinates I. By using a variational asymptotic method
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/2/, a two-dimensional functional will be constructed below for the electrical enthalpy of
piezoelectric shells in which terms of the order of A/R and A/l are neglected compared with
unity (the "classical" approximation). Extending the technique of estimating the error /6—8/
to the statics of piezoelectrics, we prove a theorem acdording to which the theory of piezo-
electric shells constructed in this paper actually allows an error of A/R 4 h/l in determining
the electroelastic state of stress.

Two~dimensional theories have been constructed in /9—15/ in certain special cases of
piezoelectric shells (see the survey /16/, also). The papers /9, 10, 14, 15/ are devoted to
piezoelectric shells, and /11—13/ to piezoelectric plates. An asymptotically exact theory of
completely anisotropic piezoelectric shells was constructed in /17/ (the case of piezoelectric
shells with electrodes on the facial surfaces is examined in addition in this paper).

3. Two-dimensional moduli. we represent the electrical enthalpy density H (g4, E,)
in the following form:

H=H;+H,; H = min maxd (3.1)
tgg s By

The representation of H (g, £;) in the form (3.1) turns out to be convenient for
asymptotic analysis of the functional (2.4). Simple calculations show that

1
H 1] =i- ﬁp“eaﬁeve —_ CXGBGGBE‘V -_ —B?EaEp (3.2)
HL=—‘CE Y’ +cE ’Y?a+'—'CE '\’a?ﬁ_ea”‘\’p"‘
e"“yaF —_— —z- 83“1" 3
y=eas + 1*Peag— 1*Ea, Vo= 2t + tk'eyy —t*Ey (3.3)
F = E3+ ¢®eop + (*Ea
The coefficients ", ei¥f, ey, B, B, 3% %3, 5%, o8, 1%, W, &* ¢, ¢* in the trans-
formations of the coordinate systems on the middle surface behave as surface tensors. We

shall call them "two-dimensional" moduli. They are evaluated in terms of the three-dimensional
moduli by means of the formulas

P Pl + g8 esvo' =l — el (3.4)
e = e’ — oe¥, an_eP (e, q*=eF/eF

SPY0 — copvd _ j3Bpvevs o3 — gaap _ jZBgavs

eF = @b + kyoets, e =+ kyetv

T == Hogom¥8, | = Hogah8s, kb — Hoge®®, Hap— (5%%8)1

gaadh — ¢ _ o ch”/cE ) 2958 = gotB — P00

—é'b == egb + eassebSS/cE ) a. = k&v + kagtv

M = kP — kag*, reb = fob | fqoB, ro=f*-i- fq*

Job — 39 J3nyub P R = 309 S0y,
7 = =

For simplicity we shall consider the case of piezoelectric shells that are homogeneous
over the thickness., It can be shown that for such shells any two-dimensional moduli possess
the properties

A B =40 +0(5)A%

Therefore, when constructing a classical theory of shells having the errors k/R and &jl
as compared with unity, it can be assumed that A = A, i.e., the two-dimensional moduli of
shells homogeneous ovexr the thickness are independent of the transverse coordinate.

We will distinguish certain special symmetry cases.

1°. Symmetry planes parallel to the middle surface. If the properties of the medium
are invariant under reflections relative to planes parallel to the middle surface, then the
following two-dimensional tensors vanish:

FP=0, =0, =0, t)'=0, ¢¥=0, =0

2°. Transversal isotropy. When the properties of the medium are invariant under rotation
around the vector normal to the middle surface (a model of a piezoceramic shell polarized
along the normal with symmetry oo-m /3/), it can be shown that all two- dimensional tensors
with odd number of superscripts vanish, the tensor BY" has the form

Y = c)MasBa¥ - oo (a‘"a“ + a®afv)
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and all the two-dimensional tensors of second rank are glcbal.

4, Asymptotic analysis of the electrical enthalpy functional. problem a.
In order to fix the domain of variation of the transverse coordinate in the passage to the
limit h— 0, we make the change of variable ! =h{,| {| < 5. Then h will occur explicitly in
the functional (2.4). We shall seek the field of the displacement w' and the potential ¢ in
the form

w=u!— hrg'yot + B (% §), Yo=n'usa (4.1)
o=y hy (£ 1)

where u‘,ip are independent of {. Because of the overdefinition of u‘,\]) the following
constraints can be imposed on f y .

GH=0,<=0 (4.2)

where {-) is the integral with respect to } within the limits [—%,, ¥;). Egs.(4.1) and (4.2)
set up a mutually one-to-one correspondence between u!, ¢ and the set of functions u, ¥, ¥,
and determine the change in the desired functions {uw', ¢} — {&', ¥, 3, x}.

Asymptotic analysis enables us to determine the order of smallness of y‘, % If these
terms are neglected, then (4.1) is a generalization of the well~-known Kirchhoff-Love hypotheses
to a piezoelectric shell. The electroelastic state of stress of a shell is here characterized
completely by the measure of the tension Adg = r(a‘u,'e), by the measure of the bending By =
V(o p + b, py and by the surface electric field F, = —}q; the covariant differentiation
in the metric @y is denoted by the semicolon in the subscripts.

We introduce the following notation:

e4 = maxp(AepA*)h, ep — —g— maxg (BapB¥)h,

fr =maxq(FoF*)s

Yo = ra‘yi’ y= "‘yl

Ag=maxy |Yo,t|, A=maxy|y,|, T=maxy]|x,¢|

We consider a certain point of Q. The best constant ! in the inequalities
€4 g Iz
| 4o v < =+ BByl <—» Fapl<— (4.3)

A A 14
mg!lya.al<-,l, mgXIy,al<T, mgxlx,a|<,—

is called the characteristic scale of variation of the electric field deformation in the
longitudinal coordinates. We define the internal domain Q, as a subdomain of Q in which the
following inequalities hold:
: hy =hR<1, hyy =hilC1 (4.4
We assume the domain Q to consist of the interior domain Q3 and the domain £; abutting
on the contour I' with width of order h (boundary layer). Then the functional (2.4) can be
divided into the sum of two functionals, an innexr one for which an iteration process will be
constructed, and a boundary layer. As in the theory of elastic shells /2/, the boundary layer
functional can be neglected in the classical approximation. Therefore, the problem reduces
to finding the minimax point of the interior functional that can be identified with the
functional (2.4) (Q,= Q).
We fix u!, P and we seek Y, %. It follows from the assumption (4.4) and formulas (2.6)
and (4.3) that to a first approximation

eap=Aap—hBogl, 2ea3=Ya,; Cs=¥, 5 Eo=7Fa {(4.5)
Ey=—1y,¢

Substituting (4.5) into the functional (2.4) with an electric enthalpy density in the
form (3.1), (3.2), we obtain the functional

1= §[‘r (Aags Bag, Fa) + 7 . (Vs ¥, )] do (4.6)
¥ = - (RP™ (dop — hBagh) (Ays — hBual) —
2eX® (Aop — hBogl) Fy — SFF o Fp>

I L= (P 265 e+ F Py — 26y F— 260y, F— e FY)
Y=Y,t + r*®(dag — hBagl) — r*Fa
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Yo =VYo,{+ t (A — hByyl) — toFy,
=—YX,t+ ¢ (Ao — hBagt) + ¢°F,
The functions Jg, Y, % only occur in the functional J; in terms of ¥y, Ya, F.

We minimize the functional (4.6) in y,, ¥ and maximize in ¥ wunder the constraints (4.2).
The minimax value I is obviously reached for y =y, =F =0, i.e., for

y=— (8 dag — 1°F ) + - hr*®Bog (0 — 1) &7)
Vo= — (" Ay — 1P L+ - "B (0 — 1)
%= (0% Aop + ¢*Fo) L — 5 b Bag (1 — 1)

The functional J)vanishes on the extremals and the average electrical enthalpy functional

takes the form

J=§ ¥ Aoy Bap, Fo) do (4.8)

¥ (Aup, Bug, Fa)= 5 (¥ AugAys + 5 #" BugBan —
2} Ao Py — eXPFuF)

Problem B. In this problem the electric potential ¢ should satisfy the constraints (2.3),
consequently, we make a different change in the desired functions than (4.1) by substituting
@f in place of y, We impose the constraint

=0, %lpmsgy,=0 (4.9)

on the functions p, %
By performing a procedure analogous to asymptotic analysis, it can be shown that the

relationships
eaa == Aaﬁ -_— hBaﬂc, 25,,,3 = ya, 14 g3 = y' t (410)
E, =0, Eg = — g/h — %

are true to a first approximation.
Substituting (4.10) into the functional (2.4) and seeking its minimal value in ¥, ¥, %,
we obtain the two-dimensional functional

J=§m (Aap Bug) + ¥ 1 (Aap, Bap)] dd (4.11)
¥, = %(c}'&“""A@Aw + - ¥ Bog By (4.12)

¥, = inf sup J; = inf sup %(c}”’y’ + 25y, +
Voo ¥ X Var V%

CE®pavp — 20%9F — 2633y, F — ef'F3)
Y=Vt +r®(dop—hBagl), Va=JYa,;+ 1" (Adpv—hBul)
F=—qo/F—¥%, ¢+ ¢*® (dog — hBuogl)
It can be shown that theminimax value J, in (4.12) under the constraints (4.9) will be
reached if and only if

=_%+qaa,4aﬁ, Vo=koF, y=1fF (4.13)
x=— 5 h*®Bug (' — )
y=—F 2L — B agt + - hr®®Bog (' — 75
Yom=— ka3 — M A + 5 b B (82—~ )
On the extremals (4.13)

2
W= — = — (= B oy

Therefore, taking (3.4) into account, we can write the average electrical enthalpy
functional for shells with electrodes on the facial surfaces in the final form

J =§ W (Ao, Bug)do> (4.14)

¥ (Aaps Bag) =5 (F" Aapdyo + 15 R BupBys + 265% Aon F)

Within the framework of classical approximation accuracy, a certain simplification in
(4.8) and (4.14) can be achieved by, for instance, replacing the bending measure B, by

another measure B,z= B+ ngAw, where the tensor @)} depends only on a, and b, Inparticular,
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the following measures were proposed /2/: Koiter-Sanders p@=8aa—b(;Am and Novozhilov-Balabukh

Hop ™= — Pop— — 1, fd d""’A.W vhere dy, a-B{Vb' "=-l/.5 5B, an =bg'ey. In this connection diverse
invariants of the classical theory of’ piezoelectrlc shells canbeobtained /9, 10, 14, 15—17/.
5. Equilibrium equation of piezoelectric shells. case A. The electrical

enthalpy functional is given by (4.8). It follows from condition (2.2) that to a first approxi-
mation the function ¢ should satisfy the constraints

Y=¢, on T, n=1, 40, N (5.1)
By varying the functional (4.8) under the constraints (5.1), we obtain the system of
equations
T — byoM =0, MEs+ T =0 (5.2)

6% =0, T%%=5%_psM®
The S*® in (5.2) is the tensile force tensor, M*® is the bending moment tensor, and
G® is the "surface" electric induction vector. They are expressed in terms of Aqg, Bap, Fu
by the following electroelasticity relationships:

SaB _ﬂ; =h (CNBWAW - GN BFy) (5'3)

=— =h(e<1’vaﬂv + eNﬂFﬂ)’

Together with the kinematic relationships
Agp == Uq; p) — bopthy Boup==1;0p — Caglt + Zb%aux: g+ b&;xuﬂ. (5.4)
Fa.=—\l’,a.
(5.2) and (5.3) form a closed system of equations to determine the four unknown functions
Uy, U, P (where u, =rgu;, u =n'u,). The boundary conditions on I for (5.2), (5.3) and (5.4)
have the form
(T™ — beM™) vy =0 (5.5)
My + —d—(M"bvatB)=0, M“ﬂvavﬁ =0

Yv=g, on{, n=1,...,N, Gv,=0o0n I,
where 14, Vo are components of the surface vectors, tangent and normal to the contour T,

Case B. The equilibrium equations and boundary conditions are the same as in the classical
theory of elastic shells /2/. Changes concern just the equations of state

g A 4 =h(c$°V°A,,o+e§=°‘°—"l) (5.6)
Y7 W K
— Xy - h3 yo
=T, T "By
6. Connection between the three- and two-dimensional electroelastic states
of stress. To complete the construction of the piezoelectric shell model, we indicate a

method of restoring the three-dimensional electroelastic state of stress by means of the two-
dimensional state. To do this, the strain & and the electric field E must be found to a first
approximation by the asymptotic formulas in Sect.4. The stress tensor ¢ and the induction
vector D are found by means of the three-dimensional electroelasticity relationships (1.9).
Omitting the calculations, we present the final formulas for (e, E) and (s, D) to a first
approximation.

Case A, Strain-electrical field

fap = Aop — Bugh (6.1)
2605 = — (T8 Ayy — ta*Fy) -+ 14" Byt
Eyg =~ — (l'aaAa_B —_ I‘"Fq_) + Y‘“BBaBE
Ea=Fa.1 E,=——(q°‘BAu5+q¢Fa)+q“ﬂBa5§
Stress-induction
0% == i Ay — PR, — FPYB ot = =5 + hs A2 ppaty (6.2)

0" =0, o*=0
D* — gy + FFy— Byt — S — Bk, D'=0

Case B. Strain-electrical field
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€ag = Aap — Bagt (6.3)
260y = — ko~ — K5 Ayy + 8Byl
gy == — f > — foB Aoy + r%Bagk

Ea=0, Ey=—-3-+@#But
Stress—induction
0% =g Ay + FF I PBE= # + - M (6.4)
08 =0, o®=0
=y — o' - — "B, D= — e + P A

7. Error estimates of the classical theory of piezoelectric shells. we
consider the linear vector space of electroelastic states of stress that consists of elements
of the form B = (o, E), where 0 is the stress field, and E is the electric field in the domain
V. In this space we introduce the following norm:

18 =C[2]= {€(o, Bydv (1.9)

¥

where the function @G(s,E) is the Legendre transformation of the function U (g, D) in all the
variables /3/

G (0, E) = - $550400" + a0 E® +- -4 €HEE® 1.2)

We will give the description "kinematically allowable" to those electroelastic states
of stress 2° for which the strain e° and the electric induction D°fields exist such that

ap = Tigly,p); VaD?*=0, D,=0 on &8 (1.3)

while 6°and E°® are expressed in terms of &° and D° according to (1.4). We call those EA
"statically allowable" for which

Vyoneb =0, gAsyg=0 on dV (1.4)
E£\=__qu)/\., q)/\:(pﬂ on Sg'), ﬂ=1,...,N.

Let B be a real electroelastic state of stress that is realized in a piezoelectric body
V on specifying values of the potential ¢, on the electrodes S§,™. Thus the following
identity
Ca[2—1/3(8° + BN =Ca[Y2 (B°—B)] (7.5)

that generalizes the Prager-Synge identity /7/ to the statics of piezoelectrics and is provable
by an analogous method, turns out to be valid.
From the identity (7.5) we have

Theorem. The electroelastic state of stress constructed by the two-dimensional theory
of piezoelectric shells (Sects.5 and 6) differs in the norm L; from the exact electroelastic
state of stress constructed by the three-dimensional theory of piezoelectricity by a quantity
of the order of hy +h,, as compared with one.

To prove this we must present the kinematically and statically allowable three-dimensional
fields of the electroelastic states of stress that differ from that constructed by the two-
dimensional theory by a quantity of the order of &, and &k, as compared with unity /6, 8/.

' case A. Kinematically allowable field. We determine the displacement by means of (4.1)
and (4.7), and ¢ by means of (7.3). We take D'* in the form D°® = ;*(tB) _‘T‘PVBME for the

induction vector D°. (Later, all guantities without the ° and -~ refer to solutions of the
equilibrium equations of piezoelectric shells by the two-dimensional theory of Sect.5.) We
select the quantity :* such that <D°°‘u)e=e?f"AM +e§ﬁl"5:—: G%h. The component D°* 1is found
from the known D% from the solution of the electrostatics eguation
(D), o +(D°) ¢ = 0 .6)
Knowing (e’,D°), we find 8 from the electroelasticity Egs.(l.4).
Statically allowable field. We will write down the mechanical equilibrium equations
for a shell /2/
a a
e 7 (167TP) — P = 0, 1?5+,aﬂba8+a—gt=0 .7

(18 = p, %6 Py, 1% = 0%, T= 0%, pp* = &* — by"E)
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To find the stress tensor o® satisfying (7.7), we proceed thus. We give o"*® in the

form oA = 2B 4 £, where &8, &8 are independent of § and are selected from the condition «tA® =
%8, (vA%®gy, = M*, Solving (7.7), we can find ** and " and then ¢/ and oM®. It turns out
that (5.2) is the sufficient conditions for the existence of * and 17. We specify the potential
¢* by formulas (4.1), (4.7). It is assumed here that the three-dimensional boundary con-
ditions are given not in the form (2.2), but in conformity with (4.1) and (4.7) (the so-called
regular boundary conditions in the terminology of /8/).

Considerations concerning the generalization of the Saint-Venant principle to piezoelectrics

/18/.

Case B. Kinematically allowable field. The displacements u° are given by (4.9) and
(4.13), D°* by (6.4), and D°* is found from (7.6). We hence find 8 by means of (1.4).

Statically allowable field. The construction is analogous to case A.

It can be shown that in both cases B8° and B8A differ from that constructed by the two-
dimensional theory (Sect.5) by a quantity of the order of h,4 4,, as compared with unity.
From the above and the identity (7.5) there follows the asymptotic accuracy of the constructed
theory in the energy norm (7.1).

The author is grateful to V.L. Berdichevskii for useful remarks.
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